Optical systems produce canonical transformations on phase space that are nonlinear. When a power expansion of the coordinates is performed around a chosen optical axis, the linear part is the paraxial approximation, and the nonlinear part is the ideal of aberrations. When the optical system has axial symmetry, its linear part is the symplectic group Sp(2, R) represented by 2 X 2 matrices. It is used to provide a classification of aberrations into multiplets of spin that are irreducible under the group, in complete analogy with the quantum harmonic-oscillator states. The "magnetic" axis of the latter may be chosen to adapt to magnifying systems or to optical fiberlike media. There seems to be a significant computational advantage in using the symplectic classification of aberrations.
INTRODUCTION
In the past few years the methods of Lie algebras and groups were applied to optics, from radar detection to magnetic optics and to coherent states. Much of the literature is presented or contained in Ref. 1 . The purpose of this paper is to show how the symmetry methods of Lie optics apply for the classification of aberrations based on the paraxial properties of the system. The language used here resembles that used to describe harmonic-oscillator models in physics.
Optical phase space, we should recall, 2 is the manifold of rays crossing a reference screen normal to a chosen optical axis z. We mark Cartesian coordinates (x, y) on the screen.
The position coordinates of a ray q = (qx, qy)T determine the intersection with the screen. The momentum coordinates p = (Px, py)T conjugate to the former are the projection of a three-vector along the ray direction of length n(q) (the refractive index of the medium at q) on the plane of the screen. Optical phase space is the manifold of four-vectors The optical Hamiltonian is the component of the above three-vector that is normal to the reference screen. Snell's law for differential variations of the refractive index leads to the Hamilton equations of motion, 5 which are familiar from studies of mechanics. 6 Optical phase space differs from mechanical phase space only in its global properties: momentum is bounded by IPI < n(q) in the former but has no -such restriction in the latter.
We follow the common practice of regarding a coordinate patch in a neighborhood of the optical axis in the momentum subspace and perform analytic continuation in any expression to all value of p in the plane. This permits the usual separation into paraxial and aberration optics through power-series expansion of both q and p coordinates, with the direct analogy of the former regime with mechanics: the free particle with free propagation in homogeneous optical media and the harmonic oscillator with quadratic-or elliptic-profile fibers. 7 Still in the paraxial regime, harmonic oscillator "kicks" correspond to quasi-flat refracting surfaces.
The standard 2 elements of the Lie-optics formalism that view optical systems as transformations of phase space realized through exponentiaf operators factorized into aberration orders, as done by Dragt 8 and by Dragt and Finn, 9 are described in Section 2.
Optical systems that are symmetric under rotations around the optical axis (and reflections across planes containing the latter) are succinctly described by functions over a sphere. The spherical-harmonic expansion of the functions over a sphere leads to the classification of the aberrations of the optical systems under study. 10 In Section 3 this construction is detailed for the monomial basis, 2 and in Section 4 the symplectic (or spherical-harmonic) basis is introduced. This is possible because of the complex homomorphism between the two-dimensional symplectic group Sp(2, R) of paraxial transformations and the group SO(3) of three-dimensional rotations. It is pointed out that the traditional Seidel classification of aberrations in imaging systems distinguishes one north pole of the sphere. Systems whose paraxial part is that of a fiber distinguish another direction, related to the former by a rotation of the sphere corresponding to the (complex) Bargmann transform of phase space. In this context, in Section 5 aberrations adapted to fiberlike systems are classified.
The behavior of the third-order aberration coefficients of a quartic-profile fiber along the optical axis in closed form is calculated in Section 6.
In Lie optics, optical elements are concatenated through multiplication of the corresponding group elements. This is done by computer algorithms for aberration orders higher than 3. In Section 7 we discuss the economy of the symplectic over the monomial aberration classification and the economy of adapting the symplectic classification to the paraxial part of the system. The conceptual economy of group-theoretical classification schemes consists of reducing the rather formidable theory of aberrations to the mathematics of the quantum harmonic oscillator, perhaps at the reasonable price of some abstraction. For arbitrary g, the last equality defines the Lie operator 8 :f: associated with the function f. The exponential of this operator is the Lie transformation generated by f and is
LIE TRANSFORMATIONS OF OPTICAL PHASE SPACE
given by the series
The three-variable function g(p, q; z) then satisfies the following differential equation and boundary condition: 
so that m = 0 for all odd m. We thus define the vector t.
We should stress the fact that the general linear axissymmetric Lie transformation is generated by f2 and given by Eqs. (2.6). Such transformations are privileged since they form a group of three parameters; these we may choose as (a, 1, -y) or the 2 X 2 unimodular matrix of Eqs. (2.6). This group is called the two-dimensional real symplectic group, denoted by Sp(2, R). In dimension 2, the accident occurs that this is the same as the group SL(2, R) of real 2 X 2 unimodular matrices. Further, as transformations of the three functions ti in Eqs. (2.8), this group' 4 is recognized to be 2:1 homeomorphic to the group of pseudoorthogonal matrices SO(2, 1) with the metric (1, 1, -1). Finally, SQ(2, 1) has the same complex extension as SO(3), the ordinary rotation group in three dimensions.
Aberrations, as is stated above, constitute the nonlinear part of an optical transformation. For axis-symmetric systems, all aberrations have the generic form mf = *--exp:f8 :exp:f 6 :exp:f 4 : (2.9) and are generated by the polynomials f2k of degree k in I, as defined in Eqs. (2.8) . Aberrations compose to aberrations, the neutral element exists, and optical elements are associative; the last axiom, the inverse of Eq. (2.9), exists (but one must be careful with limits, nevertheless). The set of ele- The two paraxial parts are composed by ordinary matrix multiplication, and # denotes aberration composition. 4 
MONOMIAL (SEIDEL) CLASSIFICATION OF ABERRATIONS
The action of linear transformations on the aberration polynomials is partially reduced: the former do not map the latter out of their aberration order, so it will suffice to work with a single, generic aberration polynomial of degree k in (, for aberration order N = 2k -1:
The v's are the monomial aberration coefficients. As shown for order 3 by Dragt, 2 they correspond directly to the traditional Seidel aberrations. Following Eq. (2.2) to the second (k) term in the series for any single aberration Vk+k ok_ acting on object position g = q, we find exp:
This we may compare with previously obtained results' 5 to arrive at the following identifications for general aberration order: plotted for the unit, paraxial, and aberration generators. This diagram is nothing more than one of the standard diagrams to display the quantum three-dimensional harmonic-oscillator states by number of quanta along the three axes. The (nameless) P aberration does not affect the position coordinate in Eq. (3.2), since the term in brackets is zero, but it does affect the direction of arrival, as we may see if we write the p analog of that equation. Fourier transformation (q e-p, p H -q) is a reflection across the F-A line, and P is the Fourier conjugate of S, the spherical aberration.' 6 In Ref. 17 it was playfully called pocus, since it punfocuses a position-perfect image and produces a diminishing depth of field at an increasing distance from the optical center. We should note that, except for S, C, D, and P, the traditional names refer to parametric families of monomialclassified aberrations. monomial basis (3.1) that will reduce the action of the symplectic transformation exp:f2: to blocks classified by the symplectic spin j, which is entirely analogous to the angular momenta j = k, k -2, . . ., 1 or 0, contained in a k-quantum oscillator shell in nuclear models: third aberration order corresponds to the six-state 2s-ld shell, whose familiar diagram is shown in Fig. 2 with the aberration labels of Fig. 1 were defined previously. 4 "1 0 These form a basis for the space of polynomials of degree k in t: 
Under the paraxial part of the system, 'xg is invariant (this is well known), and 2X2 transforms as an element of a j = 2 quintuplet of quadrupole states. In Ref. 17 these terms are called astigmature and curvatism, respectively. For higherorder aberrations, this scheme is never degenerate: in aberration order 5 we have a septuplet and a triplet; in aberration order 7 we have a nonuplet, a quintuplet, and a singlet, etc.
The number of active matrix coefficients in the group-composition algorithm due to the action of the paraxial part of the first system on the aberrations of the second is thus reduced, for orders 3, 5, and 7, from 36, 100, and 225 to 26, 58, and 107.
COHERENT-STATE ABERRATION BASIS FOR FIBERS
When the paraxial part of the system is that of an optical fiber, a harmonic oscillator in mechanics, its generator is the Hamiltonian of the form 
Equations (5.3a) and (5.3b) are the j = 1/2 and j = 1 cases. We may now expand the aberration polynomials f2k as 
THIRD-ORDER ABERRATIONS IN QUARTIC-PROFILE FIBERS
In this section we provide an example of the description of an optical system in terms of its coherent-state aberration coefficients (cf. Ref. 19 , in which the same example is given with symplectic aberration coefficients). We consider a fiberlike medium with a refractive index expressed as
To work in the third aberration order, we build the ruling Hamiltonian from Eq. (2.4) and (6.1), keeping up to fourthorder terms in the phase-space components:
Although the first expression in terms of p and q appears shorter than the second in a, the latter's transformation properties under Hosc = -i 'X'(a) are simpler. To the third order it holds that' where we have dropped the anterior index k of the hX terms for brevity and a and a' are five-vectors (quintuplets) of third-order aberration; the indicates that this is an equality for aberration order 3. In the group notation [Eq. (2.12)] no such proviso needs statement; Lie-operator notation is used here, since it retains phase-space variables and may be clearer to the reader as such. The complex-conjugate equation yields the transformation for r' = -id, so we need compute only once with complex numbers to find the transformation of the phase-space variables p and q.
CONCLUDING REMARKS
The understanding of the symmetry behind the apparently complicated subject of optical aberrations is part of the purpose of this paper. To show that it is computationally advantageous to use the group-theoretic classification, we have so far centered the arguments on the transformations of the pure aberration subgroup under the paraxial part of the system: matrices reduce to block-diagonal form according to symplectic spin-aberration multiplets. The # operation in Eq. (2.12), denoting aberration composition, deserves additional discussion. aberrations involves thus 351 sums in the symplectic basis versus 457 sums in the monomial basis. Operation with the paraxial part on the aberration ideal, as described in Section 2, is distinctly faster in the symplectic basis of aberrations.
These two arguments compounded would seem to give a significant computational edge to the use of the symplectic basis presented in Section 4. Some virtue has been found in using muSIMP, which will run on a 256-kilobyte computer (IBM PC), since it is a working tool even in the dismal local conditions. Early work was done in REDUCE-2 (e.g., Ref. The monomial basis of aberration coefficients, however, has definite computational and theoretical advantages. Of the latter, the selection rules that were found for refractingsurface aberration coefficients 4 (2, R) symmetry, but no systematic computational work has been carried out by the author in that direction. In any perspective, there seems to be a good case for the application of the symmetry arguments of Lie algebras and groups to optics in the realm of aberration phenomena, as compared with the traditional rendering of the subject.
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